Preprint typeset in JHEP style - HYPER VERSION 



o 



Generalized parton correlation functions for a spin-1/2 



hadron 



o 
o 

^ i Stephan Meiliner 



Institut fiir Theoretische Physik II, Ruhr- Universitdt Bochum, 
4.4-780 Bochum, Germany 
E-mail: 



stephan .me issner(§tp2 . rub . de 



^ ' Andreas Metz 

I ' Department of Physics, Temple University, 

Oh! Philadelphia, PA 19122-6082, U.S.A. 

' E-mail: ^netzaOtemple . edu 



^ Marc Schlegel 

^ \ Theory Center, Jefferson Lab, 12000 Jefferson Avenue, 

^ ■ Newport News, VA 23606, U.S.A. 



. E-mail: schlegelO j lab . org 

' Abstract: The fully unintegrated, off-diagonal quark-quark correlator for a spin-1/2 

hadron is parameterized in terms of so-called generalized parton correlation functions. 
Such objects, in particular, can be considered as mother distributions of generalized parton 
distributions on the one hand and transverse momentum dependent parton distributions 
on the other. Therefore, our study provides new, model-independent insights into the 
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5t , recently proposed nontrivial relations between generalized and transverse momentum de- 

pendent parton distributions. We find that none of these relations can be promoted to 
a model- independent status. As a by-product we obtain the first complete classification 
of generalized parton distributions beyond leading twist. The present paper is a natural 
extension of our previous corresponding analysis for spin-0 hadrons. 
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1. Introduction 

In a recent work we parameterized the fully unintegrated, off-diagonal quark-quark cor- 
relator for a spin-0 hadron in terms of so-called generalized parton correlation functions 
(GPCFs) The GPCFs depend on the full 4-momentum of the quark and, in addition, 
on the momentum transfer to the hadron. As such they contain the maximum amount of 
information about the partonic structure of hadrons. The purpose of the present paper is 
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to extend this analysis to the more interesting but at the same time more challenging case 
of a spin-1/2 hadron. Related work on the (simpler) unintegrated diagonal quark-quark 
correlator for a spin-1/2 hadron can be found in refs. ^, ^. 

GPCFs are of particular interest because of their connection to the generalized parton 
distributions (GPDs) 0, ^, 0, [l^ and the transverse momentum dependent parton 
distributions (TMDs) [0, |§, 0, |l5|. Both GPDs and TMDs have been intensely studied 
during the last 15 years. While GPDs appear in the QCD-description of hard exclusive 
reactions such as deep virtual Compton scattering or hard exclusive meson production, 
TMDs can be measured in certain semi-inclusive reactions like semi-inclusive deep inelastic 
scattering (SIDIS) or the Drell-Yan (DY) process. These two types of parton distributions 
provide a 3-dimensional picture of the nucleon — either in a mixed position-momentum 
representation or in pure momentum space. Moreover, they contain important information 
on the orbital motion of partons inside the nucleon. The important point is that both the 
GPDs and the TMDs appear as two different limiting cases of the GPCFs. Therefore, the 
GPCFs can be considered as mother distributions of GPDs and TMDs 17, |l^. Note 
that the GPCFs also have a direct connection to the so-called Wigner distributions — 
the quantum mechanical analogues of classical phase space distributions — of the hadron- 



parton system |]1^, [T^, |lO| 



In the present paper, as the major application of the classification of the GPCFs, we 
obtain new, model-independent information on the nontrivial relations between GPDs and 



TMDs which have been suggested in the literature [18, 19, 20, 21, 23, 24, 25 1. In order 



to study this point we exploit the connection between the GPCFs on the one hand as 
well as the GPDs and TMDs on the other, and explore, in particular, which GPDs and 
TMDs have the same mother distributions. The nontrivial relations between GPDs and 
TMDs attracted a lot of attention during the last years. The most prominent case, first 
proposed in ref. [|l8|, is the relation between the so-called Sivers TMD |2^, ^ and the 
GPD E. This connection provides a rather intuitive understanding of the Sivers single 
spin asymmetry in SIDIS which has been explored by the HERMES and the COMPASS 
experiments 29, 30, Although in the meantime various nontrivial relations between 



GPDs and TMDs were established in simple models (see |24| for an overview and [p^]), 
no model-independent relations have been obtained so far. In fact, our previous work on 
GPCFs showed that for spin-0 hadrons no model-independent relations between GPDs 
and TMDs can be established. In the present work we arrive at the same conclusion for 
spin-1/2 hadrons. A first account on the spin-1/2 case can be found in the conference 
contribution ||3^ . 

If the GPCFs are integrated upon one light-cone component of the quark momentum 
one arrives at the so-called generalized transverse momentum dependent parton distribu- 
tions (GTMDs) which can show up in the description of hard exclusive reactions. While 
quark GTMDs typically appear at subleading twist — and in cases where the standard 
collinear factorization cannot be applied — (see, e.g., refs. |3^, |3^, ^), gluon GTMDs 
have been extensively used to describe processes at high energies (low x) like, for instance, 
diffractive vector meson [36] and Higgs production at the Tevatron and the LHC [^, |3^, ^ 
in the framework of the so-called kx factorization. Also an approximate method for (theo- 
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retically) constraining the unpolarized gluon GTMD has been proposed |40|. In the present 
work we will not further elaborate on the phenomenology of GTMDs, although it is an im- 
portant topic (for related work see also refs. §)• 

The plan of the manuscript is as follows. In the next section the parameterization of the 
generalized quark-quark correlator for a spin-1/2 hadron in terms of GPCFs is presented. 
This parameterization forms the basis for the rest of the paper. In section ^ we consider 
the GTMDs. The results in that section follow in a straightforward way from those in 
section g The TMD-limit and the GPD-hmit for the GTMDs are investigated in section H, 
providing us with the first complete counting of GPDs beyond leading twist. In particular, 
we also explore which GPDs and TMDs have the same mother distributions. The outcome 
of this analysis allows us to investigate the model-independent status of possible nontrivial 
relations between GPDs and TMDs. Section ^ contains the conclusions. Details of the 
(technically demanding) derivation of the classification for the GPCFs can be found in 
appendix The exact relations between the GPCFs and the GTMDs defined in the 
manuscript are given in appendix ^, while in appendix |^ our model-independent study is 
supplemented by the calculation of the leading twist GTMDs in a simple diquark spectator 
model for the nucleon. 

2. Generalized parton correlation functions 
2.1 Definition 

In this section we derive the structure of the generalized, fully-unintegrated quark-quark 
correlator for a spin-1/2 hadron which is defined as 



w[MP,k,A,N;r,) = - / ' e^'^'^p^ X'\^{-h)rW{-h, h\n) i^ih) \p, X) ■ (2.1) 



1 r d^z 

The correlator W depends on the helicities A and A', the average momentum P = {p+p')/2 
of the initial and final hadron, the momentum transfer A. = p' — p to the hadron, and the 
average quark momentum k. (For the kinematics we also refer to figure 2.) The object F is 
an element of the complete basis {1, 75, 7^^, 7'^75, icr'^'^} with a^^ = i[y^ ,'^'^]/2. The Wilson 
line W ensures the color gauge invariance of the correlator in eq. ( |2.lD and is running along 
the path^ 

— |z —^^z + oo-n + 00 • n , (2-2) 

with all four points connected by straight lines. It is now important to realize that the 
integration contour of the Wilson line not only depends on the coordinates of the initial 
and final points but also on the light-cone direction which is opposite to the direction of 
P [^l|. This induces a dependence on a light-cone vector n. In fact, instead of using n a 
rescaled vector An with some positive parameter A could be taken in order to specify the 
Wilson line. Therefore, the correlator actually only depends on the vector 

N='^, (2.3) 
P ■ n 



^The path of the Wilson hne is chosen such that appropriate Wilson lines are obtained when taking the 
GPD-limit and the TMD-limit (see also section 2.4). 
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Figure 1: Kinematics for GPCFs. 

which is invariant under the mentioned rescahng. For convenience in (|2.3| ) the hadron mass 
M is used such that has the same mass dimension as an ordinary 4-momentum. The 
parameter ry in ( |2.1[) is defined through the zeroth component of n according to 

■q = sign(no) , (2.4) 

which means that we simultaneously treat future-pointing (ry = +1) and past-pointing 
(?7 = —1) Wilson lines. Keeping this dependence is particularly convenient once we make 



the projection of the correlator in (2.1) onto the correlator defining TMDs. 



2.2 Parameterization 

In order to obtain the parameterization of the correlator in ( |2.lD in terms of GPCFs it is 
necessary to analyze its behavior under parity. One finds that 

w[i{P,k,A,N;r]) 



1 f d^z 

2 „ 

1 f d^z 



"'■^ ip', X'p\ 70 r 70 W(-iz, iz | n) ^(iz) \p, Xp) 



2 J (27r)4 'u- /u'-v 2"' 2 

1 1 (04^*'" {p',X'p\H-h)^or^oW{-lz,'^z\n)^pC^z) \p,Xp) 
wi;°;^"](P,S,A,iV;r?), (2.5) 



where P^^ = = {P^, —P) etc., while Xp and X'p denote the parity-reversed helicities A 



and A'. We now introduce the (dimensionless) matrix functions Fg, Fp, Fy, F^, and Tl^'^ 



through 



W^^liP, k, A, N; ri) = u{p' , A') Fg(P, k, A, N; ri) u{p, A) 
WI^^'}{P, k, A, N; 7?) = u{p', A') Fp(P, k, A, N; 7?) u{p, A) 
W^iJl(P, k, A, N; r?) = u{p' , A') F^(P, k, A, N; r/) u{p, A) 
W^iJ^^l(P, k, A, N; rj) = u{p' , A') F^(P, k, A, N; r,) u{p, A) 
W^^PiP, k, A, N; n) = u{p', A') F^'^(P, k, A, N; 77) uip, A) 



(scalar) , 


(2.6) 


(pseudoscalar) , 


(2.7) 


(vector) , 


(2.8) 


(axial vector) , 


(2.9) 


(tensor) . 


(2.10) 
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Prom eq. ( |2.5| ) it follows for the scalar matrix function in eq. (2.6) 



u{p',X')Ts{P,k,A,N-r])u{p,X) 
= u{p', X'p) Ts{P, ~k, A, N; 7?) u{p, Xp) 
= u{p', A') Pt rg(P, k, A, N; 7?) P u{p, A) 
= uip', A') 70 rs(P, k, A, N; r?) 70 u{p, A) . 



(2.11) 



Analogous results hold for the other matrix functions in eqs. (2.7)-(p3Q), and one finds 



rs(P, k, A, N; r?) = +70 Ts{P, k, A, N; r?) 70 , 

Tp{P,k,A,N;7]) = -7orp(P,^,A,iV;77)7o, 

r^(P, k, A, N; r?) = +70 r^(P, k, A, N; r,) 70 , 

r^(P, k, A, N; f]) = -70 TliP, k, A, N; r,) 70 , 

r^"(P, k, A, N; r?) = +70 Pf (P, ~k, A, N; r,) 70 



(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 



for their behavior under parity. It turns out that the general structure of the correlator W 
can already be obtained on the basis of the parity constraints in ( ^.121) ^( ^.16 ). One ends 
up with 64 linearly independent matrix structures multiplied by scalar functions (for the 
derivation see appendix |A|) , 



wW,(P,fc,A,iV;??) 



u{p, X' 



• fcA ■ kN ^ AN 



M2 



M2 



4^ 



u{p, A) , 



wl^^}{P,k,A,N;7j) 



uip', X' 



'5 



^kN 



A^ + 



M2 



T^ll?(P,fc,A,iV;,?) 



n(/, A' 



■A 



k^" 
M 



If 



^3^ + 



M2 



ATM 



M2 



(2.17) 



7x(p,A), (2.18) 



pk 



Lcr .p , 



M 



Ai + 



M 



P^ia^^ p yfc^zfj'^^ ^p Ni'io^^ p Pi" ia^^ ^p 



+ 



M3 8 



M3 



p P^^ia^ p Af^ia^ p mia"^^ 

^1.-? H ^14 "I ^^^^ ^15 + 



11 + M3 12 



w4l>l(P,fc,A,Ar;^) 



n(y,A') 



IE' 



pPkA 



Af + 



M3 



M3 2 



G , aG 
3 



Ak H r-r^ A'k + 



M3 



Ak + 



M3 

i^f^kAN 



^16 



n(p,A), (2.19) 



M3 ^4 



M 



+ 



M3 

P^ia^^75 
M3 



M 
AYn + 



kf" ia''^j5 
M3 



4'^ + 

^14 + 



M3 



M 



M3 



M3 



^12 i JTa ^13 



M3 



M3 



16 



M3 

-"(P, A) , 



(2.20) 



- 5 - 



PPk° 



M2 



PPN" 



M2 
PP ia"^ 



M2 
NP ia"^ 



M2 "6 



M2 ^3 + 

NP ia"^ 



M2 



^ ' M2 
PP ia'^^ 



M2 ^9 



M2 



^12 + 



M2 



A 



H 

14 



PPk^ia^^ PPN^ia^^ kPN" ia^^ 



M4 



+ 



M2 '^15 
pPk^'ia^'^ ^rr PPN^ia 

^19 + 



M4 



47 



M4 



18 



M4 



M4 



A20 + 



M4 



M4 



+ 



^24 



M4 

n(p, A) , 



"^21 H ^22 



(2.21) 



where we used e = e^-^P^ a^hyCpd^ and a = a^^a^hy to shorten the notation. Our 
treatment leading to ( 2.17| )- (l2.2l| ) is analogous to what has already been done for a spin-0 
hadron The functions Af , Af, Af , and A^ are independent and represent the GPCFs. 
They depend on all possible scalar products of the momenta P, k, A, and N as well as the 
parameter r]. The various factors of M are introduced in order to assign the same mass 
dimension to all GPCFs. Note that the parameterizations ( 2.17| )-( 2.21| ) are ambiguous 
in the sense that one can always rewrite them into other forms by means of the Gordon 
identities ( [A.6| )~( [Al9 ). However, the amount of structures as presented in eqs. ( p.l7| )-( p.21| ) 
is minimized. For further details we refer to appendix 

2.3 Properties 

By applying hermiticity and time reversal to the correlator in (|2.1|) it is possible to derive 



some basic properties of the GPCFs. From hermiticity it follows that 



w[i{P,k,A,N;i^) 



(27r)4 
(2^ 



-ik-z 



'ik-z 



{p\ \'\ i^{-\z) r W{-\z, \z I n) ^{\z) |p, A)* 

(p, A| ^{\z) 70 Ft 70 W(iz, -\z \ n) i,{-\z) jp', A') 



ik-z 



{p, A| 70 Ft 70 h I n) iP^z) \p , A') 



(27r)4 

= W^^f'^Hp,k,-A,N-rj). 
For the matrix functions in eqs. ( p.6D - (|2.10 ) this leads to 



TsiP,k,A,N;rj) 
rp{P,k,A,N;rj) 
T^iP,k,A,N;ij) 



+7oFs(P,/c,-A,A^;r/)7o, 
-7oFp(P,/c,-A,A^;r/)7o, 
+70 F^(P,A;, -A, iV;ry) 70, 



(2.22) 

(2.23) 
(2.24) 
(2.25) 
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r^(P, k, A, N; r?) = +70 r^(P, k, -A, N; r,) 70 , 



r^'^(P,A;,A,Ar;r/) 



7or^"(P,A:,-A,iV;r,)7o. 



(2.26) 
(2.27) 



Applying the hermiticity constraints ( p.23D -( ^.27 ) to the decomposition in ( 2.17] )-( ^.21| ) 
one finds 

X*{P, k, A, N; 7]) = ±X{P, k, -A, N; rj) , (2.28) 
where the plus sign holds for X = Af , , Af , Af , Af , , , , , , Af^, Af^^, 

aF aG aG aG aG aG aG aG aG aG aG aG aH aH aH aH aH aH aH 
^16' ^1 ) ^3 ' ^4 ' ^5 ' ^6 ' ^7 ' ^8 ' ^10' ^11' ^13' ^15' ^2 ' ^4 > ^6 ' ^7 ' ^8 ' ^9 ' ^12! 

Afl, ^f^, ^f^, A^, A^, ^1^, A^^ and the minus sign for ah the other GPCFs. 
In addition, time reversal leads to 

wf^,{P,k,^,N-r^) 



1 
2 
1 
2 
1 
2 
1 
2 

W- 



'^■^ {p', A'l iPi-U) r \z I n) i,{\z) |p, A) 



(2vr)4 
<fz 



(2vr)4 
d^z 

Wf 

d^z 



{p', X't\ mz) i-i-f^C) T* (-275C) W(iz, -Iz I - n) ^(-iz) \p, At) 



^^'^■^ (p', A^l i-iToC) r* (-i75C) >V(-iz, h\-n) Hh) \P, At) 



(2^)4- 2 



(2.29) 



where C is the charge conjugation matrix, while Ay and A^^ denote the time-reversed 
helicities A and A'. Analogous to eq. one finds for the matrix functions in eqs. ( [2.61 )- 



rs{P,k,A,N;7]) 


* 


(-*75C)rs(P,fc,A,iV;- 


-^)(- 




(2.30) 


Tp{P,k,A,N;r]) 




i-h^C) Tp{P,k,A,N; 


-^)(- 


-il^C) , 


(2.31) 


r^{P,k,A,N-r,) 


* 


(-i75C) T^{P,k,A,N; 


-v){- 


-^75C) , 


(2.32) 


T%{P,k,A,N;r,) 


* 


(-i75C) Tl{P,k,A,N; 


-v){- 


-ilr>C) , 


(2.33) 


r!^''{P,k,A,N;r]) 


* 


(-i75C) rf (P,^,A,7V; 




-^75^) . 


(2.34) 



The time-reversal constraints ( p.30D ~( ^.34 ) provide 

X*{P,k,A,N■l^) = X(P,k,A,N--ri) 



(2.35) 



for all GPCFs, relating those defined with future-pointing Wilson lines to those defined 
with past-pointing lines. 

From these considerations it follows that in general GPCFs, unlike GPDs or TMDs, 
are complex-valued functions. Keeping now in mind that rj G {—1 , 1} and using eq. ( 2.35| ) 
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one finds immediately that only the imaginary part of the GPCFs depends on rj. This 
allows one to write 



X{P,k,A,N;7]) = X''{P,k,A,N) + i X°{P, k, A, N;r]) 



(2.36) 



with 



X°(P, k, A, N; 77) = -X°{P, k, A, N; -r]) 



(2.37) 



where we call X^ the T-even and X° the T-odd part of the generic GPCF X. The sign 
reversal of X° in eq. ( 2.37) ) when going from future-pointing to past-pointing Wilson lines 



corresponds to the sign reversal discussed in ref. |42] for T-odd TMDs. 



2.4 Limits 

Now we would like to give a first account on the relation between GPCFs on the one 
hand and GPDs as well as TMDs on the other. To this end we consider the quark-quark 
correlator F defining GPDs for a spin-1/2 target, which can be obtained from the correlator 



W in eq. (2.1) by means of the projection 



M\i {P, x,A,N)= / dk- d^kr Wj^V, {P, k, A, N; t]) 



dz 



^^-^ ip', X'\ ^Pi-^z) T W{-U \z I n) ^(iz) \p, A) 



=2T=0 



(2.38) 



In this formula we use light-cone components that are specified through = {aP ^a^) / \/2 
and dx = (a^,a^) for a generic 4- vector a = {o? , a} , , o?) , where, in particular, we choose 
A;+ = xP^ . Note that after integrating upon k~ and kx the dependence on the parameter 
T] drops out. It is well-known that in this case we are dealing with a light-cone correlator 
and the two quark fields are just connected by a straight line. This means that the choice 
of the contour in (2.2) leads, after projection, to the appropriate Wilson line for the GPD- 
correlator. 

The correlator $ defining TMDs can be extracted from W by putting A = and 
integrating out one light-cone component of the quark momentum (which we choose to be 



$S2,(P,rE,^T,iV;r/) 



dz d zt 
(2^)3 



dk-w'fiiP^KQ^N-r^) 
^^■'^ {P, A'l V5(-iz) r W(-iz, I n) i^az) \P, A) 



(2.39) 



Note that for A = one has p = p = P. We point out that the path specified in ( |2.2| ) also 
leads to a proper Wilson hue after taking the TMD-limit ||, g |4|, |4|, |4|, ||, |9|, ||] . 
Since in eq. (2.39) is not a light-cone correlator the dependence on the parameter r] 
remains. The case r/ = +1 is appropriate for defining TMDs in processes with final state 
interactions of the struck quark like SIDIS, while rj 
It has been emphasized in refs. |4^ , 
in the unintegrated correlators in 



-1 can be used for TMDs in DY |2| 



I|, |5^, 53 1 that, in general, light-like Wilson lines as used 
lead to divergences. Such divergences 



in and (2.3 
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can be avoided, however, by adopting a near light-cone direction. For the purpose of the 
present work it is sufficient to note that our general reasoning remains valid once a near 
light-cone direction is used instead of n. 

It is evident that not only the correlators F and $ appear as projections of the most 
general two-parton correlator W as outlined above, but also the GPDs and the TMDs are 
projections of certain GPCFs. Therefore, GPCFs can be considered as mother distributions, 
which actually contain the maximum amount of information on the two-parton structure of 
hadrons [16, 17, |l^. Despite this fact a classification of the GPCFs as given in ( 2.17| )~( ^.21| ) 
has never been worked out. 



3. Generalized transverse momentum dependent parton distributions 



3.1 Definition 



The projections in (|2.38| ) and ( ^.391) contain the integration upon the minus-component of 
the quark momentum. Therefore, it is useful to consider in more detail the correlator 



T^;; iP,x,kT,A,N-r])= I dk- W[^, iP,k,A,N; r,) 



dz d^ 



(2^) 



{p\ A'l i>{-\z) r \z I n) i;{\z) \p, A) 



2 + =0 



(3.1) 



Below the parameterization of this object is given in terms of what we call generalized 
transverse momentum dependent parton distributions (GTMDs). Of course, this result 
can now be obtained in a straightforward manner on the basis of the decomposition in 
eqs. ( ^.17D -( p.21 ). On the basis of the above discussion it is obvious that also the GTMDs, 
like the GPCFs, can be considered as mother distributions of GPDs and TMDs. It is the 



correlator in (3J.) which for instance can enter the description of hard exclusive meson 
production [^ ], while the corresponding correlator for gluons appears when considering 
diffractive processes in lepton-hadron as well as hadron-hadron collisions p6| , |38| , |39|| . 
The question whether or not it appears with a Wilson line as defined in (^]^) to our 
knowledge has never been addressed in the literature and requires further investigation 
that goes beyond the scope of the present work. 

For our analysis we choose an infinite momentum frame such that P has a large plus- 
momentum and no transverse momentum. The plus-component of A is expressed through 
the commonly used variable ^. To be now precise the 4-momenta in ( |2.17 )-( 2.21| ) are 
specified according to 



A2, + 4M2 

8(1-^2)^+ 



Ot 



xP , k , ki 



A 



n 



2iP^ 



4(l-^2)p+ ' 



Ai 



0, ±1, Ot 



(3.2) 
(3.3) 
(3.4) 
(3.5) 
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The vector n in eq. ( ^.51 ) is of course not the most general Ught-cone vector. In particular, it 
has no transverse component and points opposite to the direction of P as already mentioned 
earlier. However, if one wants to arrive at an appropriate definition of TMDs for SIDIS 
and DY, there is no freedom left for this vector because it is fixed by the external momenta 
of the respective processes. 



3.2 Parameterization 



Now we have all the ingredients which are needed for writing down the final result for the 
generalized /cT-dependent correlator (|3.1| ) in terms of GTMDs. We start with the twist-2 
case for which one gets 



TT/I7+75] 



^AA' 



— u(p',\') 
2M ' 



Fi.i + ^ 



+ 



M2 



1 

2M 



P+ 
u{p, A) , 



ia'+At^ 

Fl.2 H F 



1,3 



(3.6) 



^1,1 "I TTZ ^1,2 + 



M2 

u{p, A) , 



P+ 



Gi:. 



u{p',X' 



Hi 



MP+ 

k^ ia~^ 75 
M 



M 



HlA + 



,1 



M 



MP+ 

A^rjn ia^ 75 

Hi 7 H Hi ft 

i,7 -r ^ 1,8 



^1,5 + 



P+ 

Air i(T'=+75A^ 



MP^ 



1,3 



u{p, A) . 



(3.7) 



(3.8) 



Here the definitions e^^'^^ 



1 and 



are used. The 16 complex- valued twist-2 



GTMDs Fi^i, Gi^i, and Hi^i are given by k -integrals of certain linear combinations of the 



GPCFs in ( 2.19 )-( 2.21 ), where the explicit relations are listed in appendix To shorten 



the notation the arguments on both sides of the eqs. (3.6)-(P^) are omitted. All GTMDs 
depend on the set of variables (x, ^, k'^, kr • At, A^; r]). 

In the twist-3 case, characterized through a suppression by one power in P"*", we find 



2P- 



u{p',X') 



E2.1 + 



ia'+kJj. 



ia'+A'-- 



P+ 



E2.2 + 



P+ 



2,3 



ia'^ki^A^r^ 



M2 



E2 . 



u{p, A) 



(3.9) 



1 



u{p',X') 



2P 

+i(T+"75£'2,8 



ie^^rpAij, ia'+j^kJj, ia*+75A^ 

-^^2,5 H T^rZ ^2,6 H FTI -^2,7 



M2 
u{p, A) , 



(3.10) 
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rp tU rXjrp 



+ 



i 1 TP \ 1 1 TP I 1 Jl? 



M 



io-^^'A^ 
M 



F2A 



u{p, A) , 



(3.11) 



2P- 



(-^2,1 7T — 1-^2.2 H t-r' 



M 



M 



P^ 



2,3 



MP+ 



■ ^2,4 + 



MP+ 



G2.5 + 



MP+ 



2,6 



M 



, A^ia+ 75 ^ 

(j-2,7 T ;r7 ^2,8 



M 



u{p, A) , 



(3.12) 



2P+ 



1i(p',A' 



i?2.1 + 



-l.k 



P+ 



-^2,2 + 



P+ 



2,3 



+ 



M2 



2,4 



u{p, A) , 



(3.13) 



«(p',A') 



2P+ 

+i(7+~75 i?2,l 



i£^A;^A^ ia^+j^kf^ ia'^+j^Afp 

-H2,5 H p+ ^2,6 + 



M2 

u(p, A) . 



P+ 



2,7 



(3.14) 



The twist-4 result, which is basically a copy of the twist-2 case, reads 



M 



2(PH 



n(y,A' 



i+ui 

thrp 



P+ 



-^3,2 + 



ia^+Air 



p+ 



"3,3 



+ Sr^ 



M2 



u{p, A) , 



(3.15) 



M 



2(P+)2 
M 



u{p',X') 



iel^kfp A^j, ia'+-f5kfp ia'+jsA^, 

^3,1 H ;=ri ^3,2 H ^: 



M2 



p+ 



p+ 



3,3 



u{p, A) 
2 ^(P'; A' 



(3.16) 



2(P 

k^j, ia^^^^k^ 



-"3,1 — -"3.2 H n; 



M 



H3A + 



ALia'^^-fr^kk, 



MP+ """" ■ MP^ 
icr+ 7.'s Ai, 



M 



^3,5 + 



P+ 



3,3 



A^icT'=+75A^ 
MP+ 



3,6 



3,8 u(p,A). (3.17) 
The twist-4 case is of course at most of academic interest but is included for completeness. 



3.3 Properties 

Like in the case of the GPCFs we also consider the implications of hermiticity and time 
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reversal on the GTMDs. Hermiticity leads to 



X*{x, t 4,kT- At, Al; r?) = ±X{x, 4, -kr ■ At, A^; r,) , (3.18) 
with a plus sign for X = ^2,1, -E'2,3, ^2,4, -^2,7, Fi,3, Fi,4, ^2,1, ^2,5, F2,8, ^3,1, 

-^3,3; -^3,4, Gi^i, Gl,2! Gi,4, G2,2, ^2,3, G2,4, ^2,6, ^2,7, Gs^i, G3,2, ^3^4, Hi^2, H13, //l,4, 

Fi,6, -H'1,7, -f^2,2, -f^2,5, -H'2,6, -f^2,8, -H'3,2, -H'3,3, -f^3,4, -H'3,6, -f^3,7 and a minus sign for all the 
other GTMDs. These results are a direct consequence of ( p.28|) and the relations between 
GTMDs and GPCFs (see appendix ^ for the explicit formulas for twist-2). On the basis 
of ( |2.35| ) one obtains from time reversal 

X* {x, Pt, kT ■ At, Al; rj) = X{x, ^, ]?T,kT- At, AI; -rj) (3.19) 



for all GTMDs X. This means, in particular, that we can carry over eqs. ( 2.36| ) and ( 2.37| ) 
to the GTMD case and write 

X{x, e, k^, kT-AT, A2 ; T]) = X'{x, e, k^, kT-AT, )+i X%x, kl, kT-AT, Al; r?) , (3.20) 

with the real valued functions X^ and X° respectively representing the real and imaginary 
part of the GTMD X. Only the T-odd part X° depends on the sign of r/ according to 

X°(x, e, kl, kT ■ At, Al; r?) = -X%x, i, k^, kT ■ At, A^; -t?) , (3.21) 

i.e., the imaginary parts of GTMDs defined with future-pointing and past-pointing Wilson 
lines have a reversed sign. 

In order to give an estimate we have calculated the leading twist GTMDs in the scalar 
diquark model of the nucleon. The results are presented in appendix Our treatment 
is restricted to lowest order in perturbation theory. To this order all T-odd parts of the 
GTMDs vanish — a feature which is also well-known from spectator model calculations 
of T-odd TMDs. All the results listed in eqs. (C.8)-( C.23| ) are in accordance with the 
hermiticity constraint ( p. 18 ). 



4. Projection of GTMDs onto TMDs and GPDs 

In this section we consider the generalized A^^-dependent correlator in eq. ( p.l| ) for the 
specific TMD-kinematics and the GPD-kinematics. This procedure provides the relations 
between the mother distributions (GTMDs) on the one hand and the TMDs as well as 
the GPDs on the other. On the basis of these results one can check whether there exists 
model-independent support for possible nontrivial relations between GPDs and TMDs. 

4.1 TMD-Iimit 

We start with the TMD-limit corresponding to a vanishing momentum transfer A = 0. 
In this limit exactly half of the real-valued distributions vanish because they are odd as 



function of A due to the hermiticity constraint (3.18): £"21' -^2 2; -^2 3' -^2 4' -^2 5) -^f 



2,6' 



T?o T?^ T?o Tpe Tpo jpo rpo jpe rpe jpe Tpo jpe rpe r?o Tpo jpe zpo 
-^2,7' -^^2,8' ^1,2^ -^1,3' -^^1,4) ^2,li ^2,2^ ^2,3' ^2,4^ -^2,5' -^2,6' -^^2,7' -^^2,8' -^3,1' -^3,2' -^3,3' 



- 12 - 



rpo r^o rio rie rio rie /~io r^o rio rie i^o rio r^e rio r^o rie 
-^3,4; "-^1,15 '-^1,2' "-"l.S' '-^1,4) '-^2,1' "-^2,2; "-^2,3' '-^2,4; '-^2,5' '-"2,6' '-^2,7' '-^2,8' '-"S,!' '-"3,2; '-"3,3' 

r^O Tie TTO TTO TTO TTC TTO TTO TTe Tje TTO TTS Tje TTO TTO TTC 

'-"3,4' -"1,1' -"1,2' -"1,3' -"1,4' -"1,5' -"1,6' -"1,7' -"1,8' -"2,1' -"2,2' -"2,3' -"2,4' -"2,5' -"2,6' -"2,7' 

HI,, Hl„ Hl„ Hl^, Hl„ Hl„ HI,, H^,. In addition, the distributions El„ E^^, 

po TPe Tpe Tpe rpo jpe rpo zpe jpe jpe r^e (~io rie r^o rie rio rie 
-^^2,5' -^^2,7' -^1,3' -^1,4' -f^2,2' -^2,5' -^2,6' -^^2,8' -^3,3' -^^3,4' '-"1,1' '-"1,3' '-"2,2' '-"2,5' '-"2,6' '-"2,8' '-"3,1' 

^3,3' -f^l,2' -f^l,5' -f^l,6' -f^l,8' -f^2,3' -^^2,4' -^^2,5' -^^2,7' -^^3,2' -^^3,5' -^^3,6' -^^3,8 '^ot appear in 

the correlator any more, because they are multiphed by a coefficient which is linear in A. 
Therefore, in the TMD-limit only the following 32 (20 T-even and 12 T-odd) distributions 

survive: E22, -^2,6' -^2,8' -^1,1' "^M' -^2,1' -^2,3' -^2,4' -^2,7' -^3,1' -^3,2' ^1,2' ^1,4' ^2,1' 

rie rie rie rie rie tto zje zje jre tto zje zje jre tto tt 
'-"2,3' '-"2,4' '-^2,7' '-"3,2' '-^3,4' -"1,1' -"1,3' -"1,4' -"1,7' -"2,1' -"2,2' -"2,6' -"2,8' -"3,1' -": 

H. 



Tje 
3,3' -"3,4' 



3,7- 



The complete list of TMDs for a spin- 1/2 hadron has been given in ref. 
the review article [|l4|). Here the spin vector 



(see also 



S 



^1F'"^2PT'^^ 



(4.1) 



of the nucleon was introduced leading to the linear combination [24| 



^V-{P, X, kT,N; r]) + ^i±^ <DL^i(P, x, kr, N; ri) . (4.2) 

Now using the conventions of |l^] for the TMDs one finds the following explicit relations 
between the TMDs and the GTMDs: 



fi{x, k"^) 


= Ffi(x,0,4,0,0), 


(4.3) 


fiT{x,kT;v) 


= -Fi°2(x,0,fc|.,0,0;r?), 


(4.4) 


giL{x,k^) 


= Gl4x,0,kl,0,0), 


(4.5) 


giT{x,k^) 


= G^_2(a:,0,4,0,0), 


(4.6) 




= -Hl,{x,0,k^,0,0;rj), 


(4.7) 


hii{x, k^) 


= Hlj{x,0,kl,0,0), 


(4.8) 


hirix, k^) 


= Hl3{x,0,pT,0,0), 


(4.9) 




= Hl^ix,0,kl,0,0), 


(4.10) 




= El,{x,0,kl,0,0), 


(4.11) 


eL{x,kT;'n) 


= -Elsix,0,k^,0,0;rj), 


(4.12) 


eT{x,k'^;r]) 


= -El(^{x,0,k^,0,0;v), 


(4.13) 


e^(x, A:r;r/) 


= -El2ix,0,k^,0,0;r,), 


(4.14) 




= F|^i(x,0,4,0,0), 


(4.15) 


fl{x, k^]rf) 


= F2°7(x,0,4,0,0;r?), 


(4.16) 


fT{x,kT;v) 


= F2°3(x,0,4,0,0;r?), 


(4.17) 


fT{x,kT;v) 


= Fl^{x,0,k^,0,0;ri), 


(4.18) 
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Q'^ fx, kn^: n) 


= -G9i(x,0,A;^,0,0;r?) 


CJ T ( CP, . J^iH'' ^ 

^ L \ ' 1 J 


= Go 7(3;, 0, A;?,, 0,0), 


On-'(x. kn^) 


= G9q(x,0, A:i^,0,0) , 


f? f Cf) . krri ^ 


— Cj <^ A (Xt 0. kn^ , 0. 0^ . 




= -i??i('x,0,A;|^, 0,0:7?) 


Ht (x. kn^) 


= iJos(a;,0, A;?.,0,0) , 




= iJnfifj;,0, A-|.,0,0) , 


f^rj-i ^X ^ k'Jp ^ 


= iJnofj;,0, A-^,0,0) , 


f'\(x. kn-') 
J \*^ ; '"i J 


= F|i('x,0,fe?^,0,0) , 


/^oT^fx. knn T7 ^ 


= -Fo°n(a;,0, fel^, 0,0:7?) , 


O-jr (x. /Ct') 


= Go .(j;,0, A-^,0,0) , 


nnrp(x /r^^ 


= G? nfx A-^ 0) 




= -i73°i(x,0,4,0,0;7?) 




= i/|,7(x,0,fc|.,0,0), 


/j,3t(x, /cf,) 


= i/|^3(x,0,4,0,0), 


h^rpi^X ^ krp^ 


= /73%(x,0,4,0,0). 



These results are obtained by means of eqs. (|2!39|) and Q- (|3l^ ). The 

hi, eh, ^T) e^^, fj^, fx, /■r", 5"*", ^, /ij^ are T-odd and are related to 
GTMDs. 



(4.19) 
(4.20) 
(4.21) 
(4.22) 
(4.23) 
(4.24) 
(4.25) 
(4.26) 
(4.27) 
(4.28) 
(4.29) 
(4.30) 
(4.31) 
(4.32) 
(4.33) 
(4.34) 

12 TMDs /f^, 
T-odd parts of 



4.2 GPD-limit 

In a second step we focus on the GPD-limit which appears when integrating upon the 
transverse parton momentum kx- As already discussed after eq. ( |2.38| ) the dependence 
on 7/ drops out in this case which implies, in particular, that all effects of T-odd parts of 
GTMDs disappear. In the literature only the twist-2 and the chiral-even twist-3 GPDs 
have been introduced |54, Therefore, we give here for the first time a complete list of 
GPDs for all twists. The GPDs parameterize the correlator in ( p. 381 ). One finds 8 GPDs 
for twist-2, 16 GPDs for twist-3, and 8 GPDs for twist-4. 
To be explicit the GPDs can be defined according to 



-^AA' 



^AA' 



1 



2P^ 
1 

2P^ 



2P+ 



u{p',\') 



i<j ' 



7+75^(x,^,t) + 



2M 

A+75 



E{x,i,t) 



u{p, A) , 



2M 



E{x,i,t) 



u{p, A) , 



ia+'HTix,tt) + 



7+AL - A+7^ 



2M 



ETix,C,t) 



+ 



M2 



'V+ P* — P+'V* 



M 



ET{x,i,t) 



(4.35) 
(4.36) 



u{p,\), (4.37) 
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^XX' 



77 [7^5] 

-^AA' 



-^AA' 



-^AA' 



M 



2(P+)2 
M 

M 



u{p',X' 

2 U{P':^' 



+A 



^+ H2{x,i,t) + ^^E2{x,i,t) 



7+75i?2(x,e,t) + ^^^2(x,e,t) 



u{p, A) , 
u{v, A) 



(4.38) 
(4.39) 



ia+^ H2t{x, t) + i 2_ L ^2t(:e, ^, t) 



2M 



2{P 



+ 



M2 



^2T(x,e,i) 



n(p, A) , (4.40) 



+ 



^(PT)2^(^'^) 



P+Ai, - A+P; 



M2 
n(p , A ) 



H'2T{x,i,t) + 



2M 



2(P+)2 
M 



M 
+A 



^XX' 



j^^h 75] 

-^AA' 



77 75 
^AA' 



2(P+)2 

^(pTj3"(^'^ 
2(pTj3^(^'^ 



j+H!,{x,tt) + ^E',{x,^,t) 
^+j,H^{x,tt) + E'2ix,^,t) 



10 



+A 



7+F3(x,e,t) + ^^P3(x,e,t) 



7+75^3(x,e,t) + ^^3(x,e,t) 



2(P 

P+A^ - A+P* 



, A ) la^ H'iTix.i.t) + 

A + pi 

M2 3W-~,.,w ■ ^ 



n 



2M 

7+Pi, - P+7 



E2T{x,C,t) 

u{p, A) , 
u{p, A) , 
u(p, A) , 
u{p, A) , 
E3T{x,^,t) 



uip, A) , (4.41) 
(4.42) 
(4.43) 
(4.44) 
(4.45) 



E3Tix,^,t) 



uip, A) , (4.46) 



where t = A'^. The structure of the traces in ( 4.35| )- ([4.46| ) follows readily from eqs. (|3.6| )- 
( 3.17 ) if one keeps in mind that after integrating upon the only transverse vector left is 
Ax- Altogether there exist 32 GPDs corresponding to the number of TMDs. The 16 GPDs 
H, E, H, E, H2T, E2T, H2T, E2T, -f^2T' E2T, H'2j^, -E'2r' -^3; E^, H3, E3 are chiral-even, 
while the remaining ones are chiral-odd. The definition of the twist-2 GPDs corresponds 
follows the common definition |54|. The chiral-even twist-3 GPDs H2T, E2T, H2T, E2T, 
H'2rp, S2T' -^2T' E2T &re related to the functions Gi, G2, G3, G4, Gi, G2, G3, Gi that were 



introduced in ref. [55 



It is now straightforward to write down the following expressions for the GPDs in 
terms of /c^-integrals of GTMDs: 



H{x,^,t) = J d^kT 
E{x,i,t) = J Skx 
H{x,^,t) = j (fkr 



kT ■ At 



A2, 



1,3 



2C 



Fli + 2(1 - C 
kr ■ At 



2 ,fkT- At e , pe 



A2 



Al 



^1,2 + ^1,3 ) + ^1,4 



(4.47) 
(4.48) 
(4.49) 
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E2T{x,^,t) 
H2T{x,^,t) 



H'2T{x,i,t) 



E'2Ax,^,t) 



H3{x,^,t) 
E3ix,^,t) 



I' 



^1,3 + 



M2 A2. 



^2,4 



J (fkT 
J (fkr 



£(A| + 4M^) / fcT-AT 

-^2,4 H ^ -^2,5 + -^2,6 



A2, 



(A2.)2 
^2-^2,l+i^2,2 

-2(1 - e) ('J^^M^ El, + ^ Fl. + 



(4.63) 
(4.64) 



(A^)2 



A2 



2,5 2,6 



^ fcr • At 



A2 



E2T{x,i,t) = / d^fe^ 



4? 



2(A:r • AtY - fej^Aj. 
(Z|j^ 



fcT- Ar 

-'^2,4 H -f^2,5 + -'^2,6 



A2 



H'2T{.X,i,t) = / d^^y 



4 "I '-'2,5 + <^2,6 



d'kT 

J (fkr 



2(1 - e)M^ \ ^ 

2(fcr • Ar)^ - 4a^ fcr • At 

4 I *-^2,4 T <-^2,5 + ^2,6 



(A2,)2 Af, 

^T • At e 

^TT Lr2,l + <-^2,2 

Af, 



(A?.)2 



/ct • At 
A2 



4? 



/ct • At 
A2 



(^2 7 ~l~ ^ 



2,8 



2(fcT • At)2 - A2 

'^2,4 "I <^2,5 + '^2,6 



k/T ■ A] 



(A2)2 



A2 



+2^ ^2,7 + ^2,i 

"^3,l + 2e^(^^l,2+i^. 



3,3 



- F|i + 2(1 - f + ^3% 



A2 



(4.65) 



(4.66) 



(4.67) 
(4.68) 



^^2,5 + G\r 



(4.69) 



(4.70) 
(4.71) 
(4.72) 
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H3T{x,tt) 



I 



d^kr 



2e 



kr • At , 



^3,2 + 3 I + G'. 



3,3 



2(1 -^2W^^.^^ 



^3,3 + 



A2. 



^3,2 + G*' 



'3,4 



3,3 



G 



3,4 



(4.73) 
(4.74) 



/ {kr ■ At)^ ^^fi , kr- At 



M2 



^1,4 + 



A2. 



-f^3,5 + ^3,6 



^(A^ + 4M2) //tr- Ar 



2(1-C2)M2 V A2 



^3,7 + 



3,8 



^3T(a:,e,t) 
H3T{x,^,t) 



d% 



d^kT 



T 



^3,1 + ^^3,2 



^3,4 + 



A2. 



^3,5 + -f^: 



3,6 



(4.75) 
(4.76) 



-2(1 - e^) f ^(^4^5^ , + ^ ^1 + ^: 



(A^) 



A2 



'3,5 



3,6 



^2 



^^3T(x,e,t) 



d^kr 



4C 



3,8 

2 1:2 a2 



(4.77) 



2(fcr • At)^ - kj.A^ 



fer • At e e 

^3,4 H -^^3,5 + ^3,6 

A|, 



3,8 



(4.78) 



The hermiticity constraint ( p. 18 ) for the GTMDs, in combination with the relations ( |4.47|) - 
(4.78), determines the symmetry behavior of the GPDs under the transformation ^ — > — ^. 
One finds that the 10 GPDs Et, H2, H!^, E'^, E'^, H2T, E2T, ^2T, ^2T> ^3T are odd 
functions in ^, while all the other GPDs are even in ^. This implies that the limit ^ ^ 
can be performed in eqs. ( [4.50 ) and ( 4.74 ) without encountering a singularity as the GPDs 
E and E3 are even functions in ^. In addition, note that there appears no problem when 
performing the limit At — > in eqs. ( 4.47] )- (|4.78| ) because of 



/ 



d^kr k^ X{x, ^, k^, kr ■ At, A|; ??) oc A^ . 



(4.79) 



d^kr (2A;^4 " ^t^t) ^(x, 4, kr ■ At, A^; v) oc (2A^A^5. - 5^? Af.) , (4.80) 



which holds for any GTMD X. 

4.3 Relations between GPDs and TMDs 

Having established the precise connection of the GPDs and TMDs with their respective 
mother distributions we are now in a position to search for possible model-independent 
relations between GPDs and TMDs. From ( [4. 3D and (4.47) it is obvious that the GPD H 
and the TMD fi can be related since both functions are projections of the GTMD Ff^. 
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With an analogous reasoning two additional relations can be obtained for twist-2, three for 
twist-3, and three for twist-4 leading altogether to 



H{x,0,0 
Hix, 0,0 

Ht{x, 0,0 



H2{x,0,0 



H'^{x,0,0 



H'2t{x,0,0 



H:i{x,0,0 
H^{x,0,0 

H3t{x,0,0 



(fkTFl^ix, 0,4, 0,0) = J (fkTfi{x,4), 
(fkr GUix, 0,4, 0,0) = [ cPkT9iL{x,kl), 



(4.81) 
(4.82) 



/ 



d^kT 



(fkr 



P 

Ht,{x, 0, 4,0, 0) + HI Ax, 0, 4, 0, 0) 



2M2 



hirix, 4) + Ht{x, k"^) 



d^kTEl^{x,0,kf,0,0) = J d^kTe{x,kf), 
d^4Hl^{x,0,4^'^^^) = / d^kThL{x,4 



(4.83) 
(4.84) 
(4.85) 



d^T 



d^kr 



Ivrp 



Gl^ix, 0, k^, 0,0) + ^ Gl^ix, 0, k^T, 0, 0) 



g'rpix, 4) + gHx, 4) 



d^kTFI,{x,0,4,0,0) = / d^kTh{x,l4), 



d'kTGl4ix,0,k^,0,0)= / d'kTg3Lix,k^), 



(4.86) 
(4.87) 
(4.88) 



d^kr 



d^kr 



Hl^ix, 0, 4, 0,0) + ^ Hl^ix, 0, 4, 0, 0) 



hsxix, 4) + h^Tix, 4) 



(4.89) 



These formulas can be considered as trivial model-independent relations between GPDs and 
TMDs (called relations of first type in ref. |24]). Of course, the twist-2 relations ( [4.81 )- 
(4.83) were already known before. 

Here, we are mainly interested in nontrivial relations between GPDs and TMDs that 
have been suggested in the literature |1^, 19, 2C, 21, 22, 23, 24, 25]. So far explicit relations 
have only been established in low-order calculations in the framework of simple spectator 



models |2^, and in one case in a light-cone constituent quark model P5 |. 

Our GTMD-analysis can now shed light on the question if model-independent nontrivial 
relations exist. 

A complete classification of the nontrivial relations between GPDs and TMDs in lead- 
ing twist has been performed in |24], where explicit formulae have been obtained in the 
same diquark spectator model as discussed in appendix ^ In that work two distinct types 
of nontrivial relations between quark distributions have been considered — one connecting 
certain GPDs with the T-odd^ Sivers function [26, 27 1 and the Boer- Mulders function 



^Note that in order to generate T-odd TMDs one has to take into account rescattering efTects between 
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Figure 2: Lowest nontrivial order diagram for T-odd TMDs in the scalar diquark spectator model. 
The Hermitian conjugate diagram (h.c.) is not shown. The eikonal propagator arising from the 
Wilson line in the operator definition of TMDs is indicated by a double line. 



^i" mi (called relations of second type in ref. |2 



Et{x,0,-AI) + 2Ht{x,0,- 



-h^{x,k^]ri) , 



(4.90) 
(4.91) 



and one connecting a GPD and the T-even pretzelosity TMD h^j. (called relation of third 
type in ref. p4|]), 



Ht{x,0, 



\hiT{x,kl) 



(4.92) 



As we discuss in the following our GTMD-analysis, however, does not support a model- 
independent status of any such relations. 



For the relations of second type in eqs. (|4.90D and ( |4.9lD this is obvious because, 
according to eqs. (0), (ji^), (|0^ ), (|452|) , and (|45^ ) the involved GPDs and TMDs 
have different, independent mother distributions. In particular, the GPDs are connected 
to T-even parts of GTMDs while the TMDs are connected to T-odd parts of GTMDs. 
Unless, for some reason, the GTMDs are subject to further constraints one has to conclude 
that there cannot exist a model-independent relation between the GPDs and TMDs given 
in eqs. ( [4.90 ) and (4.91). This conclusion is in accordance with the observation made 
in that nontrivial relations of second type are likely to even break down in spectator 
models once higher order contributions are taken into account. Therefore, one has to 
attribute the relations to the simplicity of the used model. Nevertheless, it may well 
be that numerically the model-dependent nontrivial relations work reasonably well when 
comparing to experimental data. In fact such a case is already known for distributions of 
the nucleon, namely the relation between the Sivers function and the GPD E 19, 24|. 



For the relation of third type in eq. (|49^ ) the GPD as well as the TMD are, according 
related to T-even parts of GTMDs. But the linear combinations 



to eqs. (|4.10D and (|4.5c 
of GTMDs differ in both cases such that no model-independent nontrivial relation of the 



type ([4.92| ) can exist. In the context of the diquark spectator model the explicit relation 



(1 



Ht{x,Q,Q) = / (fkThiT{x,kl), 



(4.93) 



the active parton and the spectator system. Therefore, in the diquark spectator model the lowest order 
contribution to T-odd TMDs comes from the diagram shown in figure ^. 
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was established [24|. One may wonder if, in general, the specific kinematical point A|n = 
^ = and the fcr-integration used in ( 4.93| ) might spoil the above argument about different 
linear combinations of GTMDs. However, by taking all known symmetry properties of the 
GTMDs into account one is still left with such different linear combinations. Even in the 
simple diquark spectator model this is the case, and the relation (4.93) also just holds due 
to the simplicity of the model. 

In order to illustrate this point we calculate the involved GPD Ht and TMD /i^ in 
the scalar diquark model and try to preserve their respective GTMD structure as far as 
possible. By inserting the model results for the GTMDs in appendix ^into eq. ( 4.53 ) one 
finds for the GPD Ht in the case ^ = 



2{kT ■ Arf - klA? 



(4.94) 



Here we have extracted all dependence on the vectors /c^ and At from the GTMDs and 
put it either into their coefficients or into the overall factor 

g^l-x) 



C 



with 



1 



2(2vr)3 + 1(1 _ x) AtY + M^{x)] [{kr - - x) AtY + M^{x)] 



M^(x) = xm^ + {1 - x)ml - x(l - x) 
Therefore, the remnants of the GTMDs 

-^'1,2(3;) = (l-x) {niq + xM)M , 

Hl^{x) = -2M\ 

Hteix) = ^{l-x) img + M)M 



(4.95) 
(4.96) 

(4.97) 
(4.98) 
(4.99) 



only depend on the momentum fraction x. This allows one to perform the kx integration, 
which yields 



Ht{x, 0,-A'^) 

gHl-x) 2H l,{x) - (1 - 2a)' (1 - x)' Hl,{x) - AHl.jx) 

a{l-a){l-xyA'^ + M'{x) 



I da' 

8(27r)2 

In the forward limit this leads to 

(1 - x) 2Hl,{x) - i(l - x)2 Hl,{x) - 4Hl,ix) 



Ht{x, 0,0) 



8(27r) 



M2(x) 



(4.100) 



(4.101) 



On the other hand, one finds for the zeroth moment of the TMD h^Tp by inserting the 
model results for the GTMDs in appendix ^ into eq. ( ^.10] ) 



/ 



d'^JiT hij'{x, k^) 



g\l-x) Hl,{x) 
4(27r)2 M2(x) 



(4.102) 
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This shows expHcitly that the GPD Ht and the TMD h^rp are connected to different 
remnants of GTMDs even in the scalar diquark model. 

However, due to the simplicity of the scalar diquark model the remnants of the GTMDs 
are related according to 

2Hl^{x) - 4.HIq{x) = -2(1 - xfM^ = (1 - xf Hl^ix) . (4.103) 

This immediately implies the relation 

gHi-x) HUix) 



(1 - X 



HrixM = '-J^^ = I d'kThUx,pT), (4.104) 



which we already quoted above in ( [4.93 ). It should be stressed once again, that this relation 



only holds due to the simplicity of the scalar diquark model. In general, no dependence 
like eq. ( 4.103| ) will exist between the different, independent GTMDs. We note that a 



relation like ( [4. 931 ) was also obtained in a specific light-cone quark model [^], but in that 
model a factor different from 3 on the l.h.s. of (4.93) shows up^. The fact that a formula 



corresponding to ( 4.93 ) emerges in the framework of another model does not contradict 



our general argument that in full QCD a relation of the type ( 4.92| ) cannot hold 



By extending our GTMD analysis we find that also for twist-3 and twist-4 no model- 
independent nontrivial relations between GPDs and TMDs exist. On the other hand such 
relations may well emerge in the framework of simple models. 

5. Conclusions 

In summary, we have derived the structure of the fully unintegrated, off-diagonal quark- 
quark correlator for a spin-1/2 hadron, and thus extended our previous study of the spin-0 
case lH]. This object, which contains the most general information on the two-parton 
structure of a hadron, has been parameterized in terms of so-called generalized parton 
correlation functions (GPCFs). The major challenge in this derivation was to eliminate 
all redundant terms without missing any relevant term at the same time. Integrating the 
GPCFs upon a light-cone component of the quark momentum one ends up with entities 
which we called generalized transverse momentum dependent parton distributions (GT- 
MDs). In general, GTMDs can be of direct relevance for the phenomenology of various 
hard (diffractive) processes (see, e.g., refs. |3^). Our analysis shows that both 

the GPCFs and the GTMDs in general are complex-valued functions. This is different 
from the (simpler) forward parton distributions, GPDs, and TMDs all of which are real. 
Suitable projections of GTMDs lead to GPDs on the one hand and TMDs on the other. 



Therefore, GTMDs can be considered as mother distributions of GPDs and TMDs 17, 
10]. To study these two limiting cases of GTMDs was the main motivation of the present 
work. One outcome was the first complete classification of GPDs for a spin-1/2 hadron 
beyond leading twist. Most importantly, we were able to determine which of the GPDs 



^Actually, in ref. jiHj the factor 3 appeared, but later on an error in the calculation was found ^t\ . 
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and TMDs have the same mother distributions allowing us to explore whether model- 
independent relations between GPDs and TMDs can be established. One ends up with 
nine such mo del- independent relations. Actually, these cases can be considered as trivial 
ones because the respective GPDs and TMDs also have a relation to the same forward 
parton distributions (see also ref. |2^). Our main interest was to investigate nontrivial 
relations between GPDs and TMDs which have been obtained in models and extensively 
discussed in the recent literature [18, 19, 2C, 21, 23, 24, |2^. We have restricted this 
study to leading twist where three nontrivial relations have been found (see |24| for an 
overview) — two involving the T-odd Sivers TMD f^j. and the Boer-Mulders TMD hj;, 
and one in which the T-even pretzelosity TMD hj^^ shows up. It turns out that none of 
these relations can be promoted to a model-independent status as the respective functions 
are related to different (linear combinations of) GTMDs. For the relations containing T- 
odd TMDs this finding agrees with ref. [24| where it has been argued that these nontrivial 
relations between GPDs and TMDs are likely to break down even in spectator models if 
the parton distributions are evaluated to higher order in perturbation theory. Moreover, 
our model-independent study for the Boer-Mulders function of a spin-0 hadron came to 
the same conclusion Q. We emphasize that our finding does not tell anything about the 
numerical violation of (model-dependent) nontrivial relations between GPDs and TMDs. 
On the other hand, such relations have hardly any predictive power and only after all the 
involved distributions have been measured one can really judge about their quality. 
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A. Parameterization of Dirac bilinears 

In this appendix we derive the most general parameterization of the scalar, pseudoscalar, 
vector, axial vector, and tensor Dirac bilinear introduced in the eqs. ( |2.6D -( pT0D respecting 
the corresponding constraints from parity 

rs{P,k,A,N;r]) = +70 rs(P, ^, A, iV; r?) 70 , (A.l) 

Tp{P,k,A,N;r]) = -70 rp(P, ^, A, iV; r?) 70 , (A.2) 

r(;(P, k, A, N; rj) = +70 r^(P, k, A, N; 7?) 70 , (A.3) 

r^(P, k, A, N; rj) = -70 r^iP, k, A, N; r,) 70 , (A.4) 

r^"(P, k, A, N- rj) = +70 rf (P, k, A, A^; r?) 70 . (A.5) 



For this purpose we generalize the method described in |54] for GPDs in an appropriate 



way to the case of GPCFs. In order to eliminate independent terms in the parameterization 
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of the Dirac bilinears we use the Gordon identities 

= n(y,A') 
uip',X')ri5u{p,X) = u{p',X') 
= uip',X') 



H 2M 
2M M 



2M 



+ 



M 



+ 



2M 



A) , 
u{p, A) , 
u{p, A) , 
u(p, A) . 



In addition, we also use the e-identity 



as well as the cr-identity 



2 ^ per 



(A.6) 
(A.7) 
(A.8) 
(A.9) 

(A.IO) 
(A.ll) 



A.l Parameterization of the scalar Dirac bilinear 



A complete parameterization of the scalar Dirac bilinear in eq. can be obtained by 

treating all possible Dirac currents one after the other: 



1. vector current [u{p' , X') 'y'^ u{p, X)]: Using the Gordon identity in eq. ( [A.6| ) all vector 
currents can be replaced by scalar and tensor currents. 



2. axial vector current [u{p', A') 7'^75 u{p, A)]: Using the Gordon identity in eq. (|A.8D all 
axial vector currents can be replaced by pseudoscalar and pseudotensor currents. 

3. pseudoscalar current [u{p', A') 75 u{p, A)]: Contracting the Gordon identity in eq. ( A.9 ) 
with the light-cone vector yields 



uip'i -^0 75 uiP, A) = u{p', A') u{p, X) , 

so that all pseudoscalar currents can be replaced by pseudotensor currents. 



(A.12) 



4. pseudotensor current [u{p' , X') ia'^'^'y^u{p, X)]: Using the c-identity in eq. (lAlll) all 
pseudotensor currents can be replaced by tensor currents. 

5. tensor current [u{p', A') ia'^'^ u{p, A)]: All possible tensor currents are of the form 

u{p' , X') ia"'' u{p, X) (A.13) 

with a and b being any of the vectors P, k, A, and A^. Using the Gordon identity 
in eq. (A.7) all tensor currents containing the vector P contracted with a can be 
replaced by scalar currents. Therefore, one is left with three tensor currents 



u{p',X')ia'''^u{p,X), u{p',X')ia'''' u{p,X), u{p' , X') ia"^'' u{p, X) . (A.14) 



kN 
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6. scalar current [u{p' , A') u{p, A)]: There is only one possible scalar current 



u{p', A') u{p, A) , 



(A.15) 



which can not be replaced. 



To summarize, the scalar Dirac bilinear in eq. (|2.q ) is completely parameterized by the 
four currents in eqs. ( |A.14 ) and ( A.15| ), i. e., 



u{p',X')Ts{P,k,A,N;i])u{p,X) 
= u{p, A 



A^kA A^kN A^AN 



M2 



M2 



uip,X), (A.16) 



where the GPCFs are scalar functions of P, k, A, A'^, and t]. 



A. 2 Parameterization of the pseudoscalar Dirac bilinear 



A complete parameterization of the pseudoscalar Dirac bilinear in eq. ( |2.7| ) can be obtained 
by treating all possible Dirac currents one after the other: 



1. vector current [u{p' , X') u{p, X)]: Using the Gordon identity in eq. ( [A.(^ ) all vector 
currents can be replaced by scalar and tensor currents. 



2. axial vector current [u{p' , A') u{p, A)]: Using the Gordon identity in eq. ( A. 8 ) all 
axial vector currents can be replaced by pseudoscalar and pseudotensor currents. 



3. pseudoscalar current A') 75 A)]: Using eq. ( A.12| ) all pseudoscalar currents 
can be replaced by pseudotensor currents. 



4. tensor current [u{p' , X') ia^'^ u{p^ X)]: Using the a-identity in eq. (|A.ll ) all tensor 
currents can be replaced by pseudotensor currents. 



5. pseudotensor current [u{p' , X') ia^'^'j^u^p, X)]: All possible pseudotensor currents are 
of the form 



u{p',X')ia-''j,u{p,X) 



(A.17) 



with a and b being any of the vectors P, k, A, and N. Now, multiplying the Gordon 
identity in eq. ( |A.7| ) with an e-tensor and using the e-identity in eq. (|A.10|) as well 
as the cr-identity in eq. ( |ATl| ) yields 



= u{p',X') 



M 



M 



M 



2M 



u{p, A) . (A.18) 
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Contracting this equation in turn with P^, ky, Np and P^, Aj^, Np and kp, Aj,, Np 
allows to replace some pseudotensor currents by scalar and pseudotensor currents 



uip', X' 



P-kia^^-f5 P^ia^^-f5 is 



-PkANl 



M2 



Hp', a' 



u{p',X')ia''^j5u{p,X) 



M2 



M2 



u{p, A) , 



2M2 



u{p, A) , 



Hp', A' 



P-kia^^-f5 



M2 



(A.19) 



(A.20) 



(A.21) 



u{p, A) , 

so that one is left with three pseudotensor currents 
u{p', A') ic7^^75 u{p, A) , u{p', A') m^^75 ^(p, A) , u{p'. A') ^ci^^Ts A) . (A.22) 



6. scalar current [u{p' , A') u{p, A)]: There is only one possible scalar current 



u{p',X')ie''''^''u{p,X), 



(A.23) 



which can not be replaced. 



To summarize, the pseudoscalar Dirac bilinear in eq. (|2.7| ) is completely parameterized by 
the four currents in eqs. ( A.22 ) and ( A.23| ), i. e., 



uip',X')Tp{P,k,A,N;r])uip,X) 
= u{p'. A' 



Ac-PkAN ^rrPN^, ^rrkN^, 4 

ji^E ]^ 75 _^ ]^ 75 ^E ]^ 75 £S 



M4 ' M2 "'71^2 ^ ' M2 

where the GPCFs are scalar functions of P, k, A, N ^ and 77. 
A. 3 Parameterization of the vector Dirac bilinear 



u{p,X), (A.24) 



A complete parameterization of the vector Dirac bilinear in eq. ( |2.8D can be obtained by 
treating all possible Dirac currents one after the other: 



1. vector current [u{p' , X') u{p, X)]: Using the Gordon identity in eq. (|A.£| ) all vector 
currents can be replaced by scalar and tensor currents. 

2. axial vector current [uijp' , A') 7'^75 u{P, A)]: Using the Gordon identity in eq. (A. 8) all 
axial vector currents can be replaced by pseudoscalar and pseudotensor currents. 

3. pseudoscalar current [^(p', A') 75 A)]: Using eq. (|A.12 ) all pseudoscalar currents 
can be replaced by pseudotensor currents. 

4. pseudotensor current [u{p' ,^')icr^'^lbu{P,^)\- Using the cr-identity in eq. ( [A.ll ) all 
pseudotensor currents can be replaced by tensor currents. 
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5. tensor current [u{p', A') ia^'^ u{p, A)]: All possible tensor currents are of the form 

u{p' , X') ia^"" u{p, X) , u{p',X!)a>'ia^^u{p,X) (A.25) 

with a, 6, and c being any of the vectors P, A;, A, and N . Using the Gordon identity 
in eq. ([A.?] ) all tensor currents containing the vector P contracted with a can be 
replaced by scalar currents. Therefore, one is left with 15 tensor currents 

u{p',X!)ia^'''u{p,X), u{p' , X') iaf"^ u{p, X) , u{p' , X') ia^"^ u{p, X) , 

u{p' , X') af" ia''^ uip, X) , u{p' , X') a'' ia^^ u{p, X) , u{p' , X') ai" ia^^ u{p, X) (A.26) 

with a being any of the vectors P, k, A, and A^. 

6. scalar current [u{p' , X') u{p, X)]: There are four possible scalar currents 

u{p' , X') a^' u{p, X) (A.27) 

with a being any of the vectors P, k, A, and N, which can not be replaced. 

So far, we were able to reduce the number of currents needed to parameterize the vector 
Dirac bilinear in eq. (|2.8| ) to the 19 currents in eqs. ( |A.26 ) and ( A.27| ). However, it is 
possible to reduce this number even further by using that in Minkowski space 



det 



gfBfl g-yH gS^l gEfl \ 



gaU gPU g-yU gSU gS U 

gap gf3p gJP g^P 

^a<7 gfia gya gSa gSa 

^gar gPr g^r gSr gSr J 



0. 



(A.28) 



Contracting this determinant with P^, kp, A^, A^, Py, kp, Ao-, and Nj- and then in turn 



with io'e'^, icTe^, and icr^^ yields 



u{p', A') det 



u{p', A') det 



u{p' , A') det 





kf" 


A^ 


AM 








p2 


P-k 





P- A 


Ifc-A 






P-k 


k^ 


k - A 


A;- A 





u{p, A) 


= 





k - A 


A2 


A • A 








\P-N 


A;- A^ 


A • A 





-ia^^ ) 








k^' 


AM 


ATM 








p2 


P-k 





P- A 


1A2 






p-k 




k-A 


k - A 




u{p, A) 


= 





k-A 


A2 


A- A 









\P-N 


k - N 


A • A 





-ia^^ ) 








ki" 


AM 


ATM 








p2 


P-k 





P- A 


iA- A 






P-k 




k - A 


k - A 




u{p, A) 


= 





k - A 


A2 


A • A 








\P- A 


k-N 


A • A^ 





J 







(A.29) 



(A.30) 



(A.31) 
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For Pt^O, /cT^O, At^O, and 7^ these three equations are non-trivial and allow one 
to eliminate three of the 19 currents we have left. As P and N are always different from 
zero, it is most convenient to eliminate the tensor currents 



AN 



(A.32) 



because either k and A are different form zero and we are able to eliminate them using 
the constraints in eqs. ( A.29| )-(A.31) or at least one of the vectors is zero and the whole 
current vanishes. Therefore, one possible parameterization of the vector Dirac bilinear in 
eq. (p.Sp, is given by 



u{p',X')r^iP,k,A,N;7])u{p,X) 



u{p, A 



+ 



+ 



AM 
If 



ATM 



Ilk 



IjlA 



M 



Afi, H Ac, H 7-^:5 A^o H 7-^:5 All + 



M3 ' M3 

Nf'ia^^ ^p Pfia^^ 



M3 ^^10 



M3 



M3 



M3 

Au + 7T^ ^15 + 



M ° M 
k^' ia^^ p 



M3 



M3 



16 



n(p. A) , (A.33) 



where the GPCFs A^ are scalar functions of P, k, A, A^, and r/. 



A. 4 Parameterization of the axial vector Dirac bilinear 



A complete parameterization of the axial vector Dirac bilinear in eq. ( |2.9D can be obtained 
by treating all possible Dirac currents one after the other: 



1. vector current [u{p' , X') u{p, X)]: Using the Gordon identity in eq. ( [A.(^ ) all vector 
currents can be replaced by scalar and tensor currents. 



2. axial vector current [u{p', A') 7'^75 u{p, A)]: Using the Gordon identity in eq. ( A. 8 ) all 
axial vector currents can be replaced by pseudoscalar and pseudotensor currents. 



3. pseudoscalar current [u{p' , X') ^5u{p, X)]: Using eq. ( A.12|) all pseudoscalar currents 
can be replaced by pseudotensor currents. 



4. tensor current [u{p' , X') ia^'^ u{p, X)]: Using the cj-identity in eq. ( |A.ll ) all tensor 
currents can be replaced by pseudotensor currents. 



5. pseudotensor current [u{p' , X') ia'^'^^^ u{p, X)]: All possible pseudotensor currents are 
of the form 



uip', A') uip, A) , u{p', A') ia'^j^ u{p, X) 



(A.34) 
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with a, b and c being any of the vectors P, k, A, and N. Now, contracting eq. ( |A.l^ ) 
with Ni, and in turn with Pp, kp, and Ap yields 



u(p',A')ia'^^75n(p,A) 



u{p', A') 



P2 Pf" iaP^-f5 ie^^^^^ 



M2 

n(p',A')ic7'^S5n(p,A) 



M2 



2M2 



^(p',A') 



M2 



u(p',A')io-'' 75u(p,A) 



A') 



75 



M2 



M2 



A) , 



2M2 



A) , 



u{p, A) , 



(A.35) 



(A.36) 



(A.37) 



which together with eqs. (A.19)~( [A.21 ) allows to replace some pseudotensor currents 
by scalar and pseudotensor currents. Therefore, one is left with 13 pseudotensor 
currents 

u{p', A') ia'^^75 nip, A) , u{p' , A') ia^^s A) , u{p' , A') ia'^^75 uip, A) , 

A') ic7^^75 A) , u{p' , A') ic7'^^75 A) , 
u{p',X')P^ia'^^j5u{p,X), u{p,X')a''ia^^-f5uip,X) (A.38) 

with a being any of the vectors k, A, and A^. 

6. scalar current [u{p' , X') u{p, X)]: There are four possible scalar currents 

u{p',X')ie^'^^'u{p,X) (A.39) 

with a, b, and c being any of the vectors P, k, A, and N, which can not be replaced. 

So far, we were able to reduce the number of currents needed to parameterize the axial 
vector Dirac bilinear in eq. (2.9) to the 17 currents in eqs. ( A.38| ) and ( A.3S| ). However, it 
is possible to reduce this number even further by considering eq. ( |A.28 ). Contracting this 
determinant with P^, kp, A^, A5, P^, kp, A^-, and icr^^j^ and using eqs. ( |A.ig| )- (|A.21|) 
and ( |A.35D - (|A.37l ) yields 



u{p'. A') det 



u{p. A) 



u{p'. A') det 



/ A;^ A^ \ 

p2 p.k P-N ia^^75 

P-k fc2 A; -A A; -A ia^^^5 

A: -A A2 a- a iCT^^75 

\P-N k-N A-A / 

(P-k P-N -P- AicT^-f'75 - iie^^^^\ 

A;2 A; -A A; • A^ -P ■ N ia^"^-^^ - \ie^'^^^ 

k-A A2 A-A Pt'ia^^-f^ 

\k-N A-N -P■Nia^'^-f5 ) 



u{p. A) . (A.40) 
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For P 7^ 0, A; 7^ 0, A 7^ 0, and N this equation is non-trivial and allows one to eliminate 
one of the 17 currents we have left. As P and are always different from zero, it is most 
convenient to eliminate the tensor current 



ia 



AN 



75 



(A.41) 



because either k and A are different form zero and we are able to eliminate it using the 
constraint in eq. ( A. 40] ) or at least one of the vectors is zero and the whole current vanishes. 
Therefore, one possible parameterization of the axial vector Dirac bilinear in eq. ( |2.9| ), is 
given by 



u{p',X')T''^{P,k,A,N;ri)u{p,\) 



u{p',X') 



M3 1 ^ M3 



tj.PAN 



IE' 



.fikAN 



G 



M3 

kf" ia^^ 



M 

A^ icj^^75 
W 



^10 ^ 



M " M 
kf" ia'^'^j^ 



M3 



M3 ^4 
75 I ^''^7^' A? 



M3 



^12 irj?. 



kN, 



M3 



75 

^14 



M3 
A'^icT^^ 



M3 



M3 

— ^15 + 



M3 



75 ,G 
^16 



M3 

u{p, A) 



^13 



(A.42) 



where the GPCFs A^ are scalar functions of P, k, A, A, and r/. 



A. 5 Parameterization of the tensor Dirac bilinear 



A complete parameterization of the tensor Dirac bilinear in eq. ( |2.10| ) can be constructed 
from the parameterization of the pseudoscalar and the vector Dirac bilinears in eqs. ( |A.24| ) 
and (A.33). Respecting the antisymmetry of the tensor Dirac bilinear in eq. ( |2.10| ) it can 
be rewritten as 



f.(p',A')rf (P,J-,A,W;>,)ti(p,A) 



paPN 



M 2M3 J P-n 
P''Nr \ {P ■n)T-^{P,k,A,N;i]) 



M2 



ir}^{P,k,A,N;r]) 



2M2 



M 
u{p, A) , 



(A.43) 



where from eqs. (|A1])-(|A^) it follows that the structures Mr;^^/(P-n) and [P-n) Tr^^/M 
behave like vectors under parity whereas the structure iV^ behaves like a pseudoscalar. 
Therefore, inserting the respective parameterization from eqs. ( A.24| ) and ( |A.33| ) into ( A.43| ) 
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a possible parameterization of the tensor Dirac bilinear in eq. ( |2.10| ) is given by 



n(p',A')r^"(P,A;,A,iV;r?)n(p,A) 



+ 



ak 



M 



^5 + 
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M3 
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32 



IE- 



paPN 
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M3 

PkAN 



M3 



M3 



31 



• PN ■ klV 
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M2 



M2 



(A.44) 



Of course, not all 36 structures in this parameterization are independent. It is therefore 
necessary to rearrange them in order to obtain a minimal set of structures for the pa- 
rameterization of the tensor Dirac bilinear in eq. ( 2.10| ). By first performing all possible 
contractions in eq. ( A.44 ) and after that using the u-identity in ( A. 11 ) for the last three 
terms as well as the identity 



det 



/ gO^/J- gPlJ- glt^ gSf^ ^ 

g^ V 

gap g(5p g-yP gSp 

^aa gf3a g-fa „5< 



(A.45) 



yga. g„a g^a gOa J 

for all products of two e-tensors the number of independent structures already reduces 
significantly. Finally, the Gordon identity in eq. (A. 7) allows one to express all tensor 
currents containing a u-matrix contracted with P in terms of scalar currents. This reduces 
the number of independent structures to 24, which are given for example by 



n(y,A')r^"(P,A:,A,Ar;r/)^z(p,A) 



PPk" ,fr PP/^" ,fr PPN" ^rr /c^A'^ , rr 
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M2 
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M2 
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M2 
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^ Af2 



M2 
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^19 771 ^20 



^23 + 



-^24 



+ — A. 



M4 
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21 
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22 



M4 ^■^ M4 

where the GPCFs A!^ are scalar functions of P, k, A, A^, and rj and are related 



(A.46) 
to the 



structures An in eq. ([A.44|) by 
A^ 
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^23 



A^ 
^24 



^15, 

2M2 
2M2 



^14 + ^16 
^15 - ^31 



^22 H ^ -431 

M2 



(A.68) 
(A.69) 

(A.70) 



B. Relations between GTMDs and GPCFs 



Here the explicit relations between the leading twist GTMDs in eqs. (p.q)~ (|3.8D and the 
GPCFs in eqs. (^l9|)-(^^ are hsted. For brevity we leave out the arguments of the 
functions. Straightforward calculation leads to the results 
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Gl,3 
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iJi,4 = 2P+ J dk- 
Hi ^s = 2P+ j dk- 
Hi^e = 2P+ J dk- 
Hi^7 = 2P+ j dk- 
ffi 8 = 2P+ J dk- 



A 



H 2ep2 



19 



xp2 - P • 



M2 
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^22 



2x(,P'^ -2^P-k-k-A H 



A 



M2 
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(B.12) 
(B.13) 
(B.14) 
(B.15) 
(B.16) 



C. Model calculation of GTMDs 

For illustrative purposes and in order to get a first estimate we calculate all the leading 
twist GTMDs in the scalar spectator diquark model of the nucleon (see, e.g., ref. |5^) by 
restricting ourselves to lowest nontrivial order in perturbation theory. The Lagrangian of 
the diquark model reads 



^sdm(x) = ^(x) {i-ff^df, - M) ^>{x) + (i7^a^ - niq) ^{x) 
+d^(p*{x) d^ip{x) — ml ip*{x)(p{x) 
+g [V'(x) ^{x) ip*{x) + ^{x) i){x) ip{x)\ , 



(C.l) 



where ^I' denotes the nucleon field, the quark field, and ip the scalar diquark field. The 
essential ingredient of the model is a three-point interaction between the target, quarks, 
and diquarks, with the coupling constant g. This framework allows one to carry out 
perturbative calculations. All the results for parton distributions given below contain the 
coupling g to the second power. Notice also that the condition M < niq + has to be 
fulfilled in order to have a stable target state. 

The lowest order contribution to the generalized /cr-dependent correlator in eq. ( |3.l| ) 
comes from the tree-level diagrams depicted in figure § These diagrams can be evaluated 
in a straightforward manner yielding 



H^15(P,x,^T,A,iV;r?) 

_ gHl-x) jx'-e) 
4(2^)3P+ 
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D+D^ 
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6(1 



N{k-^ 



' {D. 

0(1-1^1), 



e(e-x) 



(C.2) 



where the numerator A^(A; ) is given by 



N{k-) = u{p', A') {ft + ^4, + mg) r (^ - + nig) u{p, A) 



(C.3) 
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r 




Figure 3: Lowest nontrivial order diagrams contributing to tlie GTMDs in the scalar spectator 
diquark model. The second and third diagram are only relevant for the ERBL region which is 
characterized by \x\ < |^|. 



the denominators D± by 



^± = ^((iT0^T±i(i-x)ATy + (x2-e 



2\ 2 



It? 



(C.4) 



and k is fixed by the cuts in the diagrams to be 



^2 
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(C.5) 
(C.6) 
(C.7) 



Since the calculation is carried out only to lowest order in perturbation theory, no effect 



due to the Wilson line enters. As a consequence, the correlator (C.2) actually does not 
depend on the parameter rj. 

Using now the expression ( C.2 ) and the definitions for the GTMDs in eqs. ( |3.6D -( |3l^ ) 



it is possible to calculate the leading twist GTMDs. As for leading twist the numerator 
N{k~) in eq. (C.3) does actually not depend on k^ , the final expressions are not too 
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complicated. They read^ 
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(C.18) 
(C.19) 
(C.20) 
(C.21) 
(C.22) 



*In ref. |l] we obtained results for the GTMDs of a spin-0 target in a simple spectator model. Those 
results are only complete for |^| < a; < 1. But note also that this specific kinematical region includes the 
case ^ = which is relevant for discussing potential nontrivial relations between GPDs and TMDs. 



-36- 



-c 



C(l-x) {mq + M)M 
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2(27r)3 D+ D_ 

2(27r)3D+ (D_ - D+) 






for a; > 1 (unphysical region), 

for 1^1 < X < 1 (DGLAP region for quarks), 

for -1 < < X < ^ < 1 (ERBL region for ^ > 0), 

for -1 < ^ < X < < 1 (ERBL region for ^ < 0), 
for —1 < X < — 1^1 (DGLAP region for antiquarks), 
for X < — 1 (unphysical region). 



(C.24) 

To shorten the notation we have suppressed the arguments of the GTMDs. All (naive) 
T-odd parts of GTMDs vanish to lowest order in perturbation theory investigated here. 
To get nonzero results for these functions requires considering at least one-loop corrections 
that include effects from the Wilson line. We checked that the limits of TMDs and GPDs 



for ^ = agree with the results found in |24|. 
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